Efficient analytic computation of higher-order QCD amplitudes by Bern, Z. et al.
Efficient analytic computation of higher-order QCD
amplitudes
Z. Bern, G. Chalmers, L.J. Dixon, D.C. Dunbar, David Kosower
To cite this version:
Z. Bern, G. Chalmers, L.J. Dixon, D.C. Dunbar, David Kosower. Efficient analytic computation




Submitted on 17 Sep 2007
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de


































































































































































































































































































































































































































































































ûx+ öﬀﬂ÷s++"$ø ý}üﬀ	²(*"©'8ú²ﬀ"fù¹( ü«ý%ﬀ*+ﬁﬀH<
<UI(*ü(,"$+)ú÷I)
¸
§
Ð
ËËË
Ð
¸
§
Ó	
²ﬃ±
$:*-
B&+;÷

(;÷ﬀ(ø·"ﬁ$?vù#ﬂ"	ﬁv')(,(*"$ú	²ûöúzﬀ¹"$üﬀ	²'<)Iﬂ"sö$÷sù"ü«ýYúzﬀ¹"ûx(*#	zü"Sù¹øxú	÷)û·üøx"­úGﬂ"$ﬀ ÷ûxüﬂ	)
úzﬀ¹"áöùú9L÷søxü+"á÷	z"8"­+üùﬃﬀ úzüŁ	²"söü+ú(	zùﬂöú?ú²ﬀ"Fý}ù¹øxøﬃü+¹"%&ø·üü# ÷«(*#¹øxûxú²ù)"
±
­ﬁ- ﬁQﬀ"göùú9
÷1	²"Aöü(,#ùú÷øx"1ûx+göøxüi"Fý}üﬂ	z( û·+8(;÷s+)'5ö$÷ﬂ"*-
d
üﬀ	"¹÷«(,#øx"<)ú²ﬀ"?ûx+0=ﬂ+ûxú²"wv"
ù¹"$+ﬂö"1ü«ý
(;÷)û·(;÷«øUﬀ"­øxûö2ûxúv'
%ûxüø¾÷«ú²ûx+ﬃA÷s(*#øxû·úzù" û·+

£
èuù¹#"
	%Q÷s+ﬃ«%{8ûxø·ø+úzﬀ¹"$üﬀ	²'á÷1	²"û"$+
â

û·+wè
¨
!Nûx(*"$+ûxü+U)súzﬀ	züùﬀ




$$)'1÷Fù¹( ü«ýz)+¹ü1ﬃ+ezö­÷«ø÷	Nü1ûx+úz"ﬂ	÷«øý}ù+ﬂöú²ûxü+

¶

Í
§

ù
÷«+
¸
÷1	z"Eú²ﬀ"Eü+ø·'©øxùü+8ﬃûxúzﬀ;+"
÷«ú²û"ﬀ¹"$øxû¾öûxúv'$ﬁh
Ì
ø
Ô
®
¶Í
±


Ó
¤¥¥¥
¤
ù
²
¤¥¥
¥U¤
¸
²
¤¥¥¥*¤ﬁ
Ó
$
£C¢

èiï#:U$ﬁﬀ
$ﬂï
:
ﬂ


Ð
ﬁ$
ﬂ
:


¨
ﬁ$
ﬂ


¨
!ﬃﬁ$
ðù
¸
ñ
®
ð
U!<ñ
ð
!

ñ
Ë
ËË
ð
<ñ 
¶
¤
ﬃﬀ"	²"

:"! Ó
±
£
!
²±
¾

Ô
:
¶
¾
§
Ô
±

:$#&%
¶'

Í
§GÐ
¶
¾
§
Ô
±

±
#
¶'
§
¤

:"!
£
!
²
:
¾

Ô
:
¶
¾
§
Ô
±

:$#&%
¶'

Í
§
Ð
¶
¾
§
Ô
±

±
#
¶'
§
Ð
¶Ä
:
¾
§
Ô
±

:$#(%
¶
!
²±
Í
§
¥
 ù#ﬂ"	9'(*(*"$ú(	zû·ög	z"ùø·úﬁQö­÷«+.ﬂ"Eù"Lúzü?ú(	÷ﬀ"<þEGß ö­÷«øö2ùø÷súzûxü+Gﬃû·úzﬀ*û·+)ú²"	z+ ÷«øøxù)%
ü+ ý}üﬂ	7ü(,"ﬃﬀﬂ÷«úﬃ"÷ﬀû·"	Üö$÷søöùø¾÷«ú²ûxü+gﬃﬀ"	z"q²ö$÷«ø¾÷1	ﬁg	²"$#ø¾÷ö"Eúzﬀ¹"%øxùü+U-
d
üﬂ	÷s+á÷«(,#øxû%
úzù)"2ﬃûxú²ﬀ5÷«øxø"úz"	²+ﬂ÷«øzøxù¹ü+*)ﬃQ"2	²"8	zû·úz"ú²ﬀ"ûx+úz"
	z+ﬂ÷søø·ùü+;ø·üü#
»

÷«+Lý}"	²(*ûxü+Lø·üü#
)S$ ÷ﬀﬃ÷fù¹#"
	ﬁ'(*(*"­ú	zû¾öﬃöü+ú	²ûù¹úzûxü+;#øxùﬃ÷fzö­÷«ø÷	ﬃøxüü#+*<)
» £

»
Ð
èﬃ)
Ð

*i$
¨
è

)
Ð
*ﬀ$
Ð
*
£
ò

£
èﬂó
¨
è7ò

£
Uó
Ð
*<¤
)
£

)
Ð
*ﬀ$
¨
*
£
ò

£
*ó
¨
*<¤
ﬃﬀ"	²"Hò

£
*óG	²"$#ﬃ	²""$+úﬁÜúzﬀ",öü+ú	²ûù¹úzûxü+ÂüsýÜ÷s+

£
,öﬀû3	÷søNù#ﬂ"	²(Lù¹øxúzû·#øx"­ú-1ﬁQﬀ"
zö­÷«ø÷	Aöü+ú	²ûù¹úzûxü+¼ö­÷«++üúwﬂ"©	²"söü+ú(	zùﬂöú²"8ýy	zü( ûxúﬁ1öùú9

ﬃû·úzﬀüùúpüû·+ﬃÂú²ü8ﬀû3ﬀ"
	
üﬀ	9)"	Yûx+,ﬁ$"ö$÷«ùv"ﬃü«ý÷s+?÷ﬂﬃ)ûxú²û"Fûz#ﬂüøx'+ü(*û¾÷«øüﬃ÷«(fûùûxúv'<-#B&úv"$"$(/[#ﬂü<(û3øx"Gúzü8=Eúzﬀû
÷«(fû3ùû·ú'/'8û·+#ﬂ"söú²ûx+ﬃ,úzﬀ"?ý÷öú²üﬀ	²ûxs÷súzûxü+

#ﬂüøx"ﬂ$8ﬂ"$ﬀﬂ÷)û·üﬀ	Eü«ý úzﬀ",÷«(,#øxû·úzù)"i)+ﬂ÷s(*"$ø·'
úzﬀ¹"ﬃøxûx(,ûxúﬁﬃﬀ"	²"ﬃúAGü

üﬂ	(*üﬂ	z"ﬀ$]÷ﬀ&÷ö"$+ú(*ü(*"$+ú÷gﬂ"söü(*"Göüø·øxûx+¹"s÷1	
-eﬁQﬀ¹"8"$+"
	÷«øý}üﬀ	z(
ü«ý úzﬀ"v"Qø·ûx(*û·úﬁ)ý}üﬀ	Yü+"2%&ø·üü#A÷«(,#øxû·úzù)"ﬀﬂ÷ﬂS	²"sö"$+úzø·'ﬂ"$"$+1#ﬃ	zü"$+
±
â*-
d
üﬂ	eú²ﬀ"8v#ﬂ"söû÷søö$÷ﬀv"
ü«ý û+)"$+úzû¾ö$÷«øøxùü+<ﬀ"$ø·ûöû·úzû·"U)

Ó?¤
¥¥¥*¤ﬁÓ6$9)«ú²ﬀ"øxûx(,ûxúﬁﬃG"	z"Nvùﬂö$ö" ý}ù¹øxøx'ù"ú²üöü+ú(	zùﬂö2ú
÷«+ ÷s+z÷súx
±
®
ﬃﬀû¾öﬀuﬃ÷ﬀ|ùﬃv"ù"$+úzøx' öü+I=	z(*"/)'/	²"söùﬃ	9û"Eú²"söﬀ¹+û+ù"
±-

-|Býü+"Aö$÷s+
ﬀ¹ü1 úzﬀﬂ÷súEúzﬀ"?#ﬂüø·')+¹ü(*û¾÷«ø÷s(û3ùû·úzû·"ﬃö$÷«+ ù+û
ù¹"$øx'5÷«+É"U5 öû·"$+)ú²øx'.ﬂ"f	z"sö2ü+vú	zù öúz"
ýy	zü(=úzﬀ"­û	Øý÷öúzüﬂ	zûx÷«úzû·ü+ øxû·(*ûxú9U)ý}üﬀ	1÷1	(ûxú(	÷1	²'áﬀ"$ø·ûöû·ú' öü+I=ùﬃ	÷«úzû·ü+*)úzﬀ"­+Âü+"Güùø
ﬀﬂ÷"á÷v"$+"
	÷«øÜúz"öﬀ+¹û+ù"*ý}üﬀ	;öü+ú(	zùﬂö2úzûx+¼ü+"2%&ø·üü#CþSGß=÷s(*#ø·ûxúzù)"pﬃûxú²ﬀüù¹ú*""	
"÷«ø·ùﬂ÷«ú²ûx+ﬃw"$+ùûx+"Eø·üü#Hû÷1ﬂ	÷s(/U-
.Uè
J*ò0/²ò)ósòî6rò0n
ﬀ-|48-  -
 
-1Øø·ü"	÷s+H{Ł-2F-U ùúzú²ü+#)Y	ﬀ'ﬃ*-<ﬂ"$úzú
-E

è!0h

s

$ô$9;

-Yø÷$'5÷«+
 -4øxø·û+U)ﬀ"­#)%&#¹ﬀ[s !!!

-
!I-|{Ł-ﬃ{á÷s+ﬃ÷s+ü;÷«+É -ﬂ	÷	"<)¹	ﬀ)'U-3ﬃ"$# -0h

 

$)1$9-

-
d
-¢q-$Q"	²"$+ﬃ*)0F-

ø·"$û+(U)	6-sßØ"G÷sù(;÷s"söﬁ"	)4%-ﬃ1÷ﬀú²(;÷«+e÷s+?ﬁ2-¢ﬁ2-Âù\)	ﬀ)'U-
ﬂ"$úzú
-$ 

hx­!1è

­ﬀî)$ﬁ;	6-¹ßØ"?G÷«ùv(;÷«""
	)%-51÷ﬀú²(;÷«+U)ﬃ -ﬁ#	züüiú÷«+;ﬁ2-ﬁ2-
Âù\)
 
ùﬂö2ø!-;	ﬀ)'U-5ﬃ! Ih
Ł
­ﬀî!ô$ﬁ;(%-

øx"$ûE÷«+  -76ﬃ- úzû3	zøxû·+ﬃﬃ)
 
ùﬂöø-;	ﬀ)'U-
ﬃ!!Ih¢!



$ﬂî<$ﬁ;6ﬃ-
d
-81Üù+¹ûxü+ ÷«+:9-

ù¹+Ax$ú
)Y	ﬀ'U-Fﬂ"­úzú-A­)ﬀh
ﬀﬂŁ
$ﬂî<$ﬁ;
9-	;ù\)ﬂßp- %

-<9ﬂﬀ ÷«+ﬃ,÷«+á-[ﬀﬂ÷«+ﬃ)
 
ùﬂöø-	ﬀ)'U-Gﬃ!ﬀh

!

­ﬀîﬀ$ﬁ-
èﬃ-=9-Q"	²+5÷«+5ßp-

ü<üG"	)
 
ù öø!-k	ﬀ'U-

!Ih

î

$)$ﬁ-
I-=9-Q"	²+#)ßp-ﬂßØù+0ﬂ÷	)[-ﬂßØû3)ü+;÷«+5ßp-

üiüQ"	
)
 
ùﬂöø-	ﬀ'ﬃ*-gè!0h¢!«

$1è0$ﬁ-
I-=9-Q"	²+#)-ßØû3)ü+8÷s+8ßq-

üiüQ"
	)
 
ùﬂö2ø!-	ﬀ'ﬃ*-gè

<h¢!

$ô$9-
<-=9-Q"	²+#)-ßØû3)ü+8÷s+8ßq-

üiüQ"
	)ﬂ	ﬀ)'U-3ﬃ"z-ﬂ"$ú²ú-ﬃs 0h¢!

$

$9-
îI-=9-QQ"
	z+ ÷s+ ßp-

ü<üG"	)Ü	ﬀ)'U->ﬃ"z- ﬂ"$ú²ú-CIhx­

$)1$9;
 
ùﬂöø!- 	ﬀ)'U-


Ih è)

­!<$ﬁ-
I-=9-Q"	²+5÷«+5ßp-ﬂßØù+0ﬂ÷1	
)
 
ùﬂöø-	ﬀ'ﬃ*-

s0h¢!

$!ô$9-
$ 0-?1q-{á÷«ﬀ¹øxü+\)ﬂ	ﬀ'U-3ﬃ"-ß7èIh!)­


$èI$9;[	ﬀ'ﬃ*-@ﬃ"z-ßèIh èﬂè

î

$1èI$9-
ﬂ-?1q-{á÷«ﬀ¹øxü+\)ﬀ"$#)%#ﬀ[1è­!

 ﬃ)[û·+Fú²ﬀ"v"S#	züö"$")ûx+ﬃiU-
$!0-
d
-p-Q"
	z"$+Q÷«+© -¢ﬁ2-1Üû·"$øx"<)
 
ù öø!-	ﬀ'ﬃ*-

 0h»

$ﬂîﬀî<$ﬁ-


-?9-¹Q"	z+#)¹ßp-ßÜù+I ÷1	)[-ﬂßÜûü+5÷«+;ßp-

üiüQ"	
)
 
ù öø!-k	ﬀ'U-gè

Ih

$<$ﬁ-
Uè-?9-Q"	z+\)1p-Uﬀﬂ÷søx(*"	9U)[-ßØûü+ ÷s+áßp-

ü<üG"	)	ﬀ)'U-Aﬃ"-ﬂ"$ú²ú-s!0h¢!

è

­1è0$ﬁ-
$0-?9-ﬂQ"	²+;÷«+B1q-[ﬀﬂ÷«ø·(*"	9U) ú²üA÷«##ﬂ"s÷	-
